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Abstract
We present supersymmetry breaking four dimensional orientifolds of type IIA strings. The
compact space is a torus times a four dimensional orbifold. The orientifold group reflects one
direction in each torus. RR tadpoles are cancelled by D6-branes intersecting at angles in the torus
and in the orbifold. The angles are chosen such that supersymmetry is broken. The resulting four
dimensional theories contain chiral fermions. The tadpole cancellation conditions imply that there
are no non-abelian gauge anomalies. The models also contain anomaly-free U(1) factors.
1 Introduction
One of the very important problems of string theory is the existence of a huge number of different
vacua. As long as no dynamical mechanisms to select only a few (or even a unique) vacuum are
known, one reasonable criterion to search for the correct vacuum is that in the low energy limit it
should look similar to observations. This means that the resulting effective field theory should be the
standard model or something “slightly beyond” the standard model. For a long time this criterion
selected out especially Calabi-Yau compactifications of the ten dimensional heterotic string. These
result in N = 1 supersymmetric gauge theories coupled to gravity, which (as a category of theories)
is fairly close to the standard model. After clarifying the importance of D-branes[1] and O-planes,
the heterotic string lost its inimitability as a provider of phenomenologically interesting models.
Now, gauge groups containing the standard model groups can appear due to open strings ending
on D-branes. The appropriate tools to obtain lower dimensional (e.g. four dimensional) effective
theories are orientifold constructions[2–8].
The strategy in constructing orientifold compactifications of type II strings is as follows. One
starts with the compact space being an orbifold which is often taken to correspond to a limit in the
space of Calabi-Yau manifolds. This breaks the amount of supersymmetry to twice the minimal
amount in the low energy effective theory, and thus is not only “slightly” beyond the amount
of supersymmetry in the standard model. Supersymmetry can be broken by another half when
in addition worldsheet parity (possibly in combination with a discrete target space mapping) is
gauged. Sets of points which are invariant under a group element containing the worldsheet parity
inversion are called O-planes. These O-planes carry RR charges and typically possess only compact
transverse directions. In order not to contradict RR charge conservation D-branes need to be added
such that the net charge is zero. (This condition appears as the well known tadpole cancellation
condition.) As long as the D-branes are parallel to the O-planes they do not break any further
supersymmetry. Those orientifold compactifications give the minimal (apart from zero) amount
of supersymmetry in the low energy effective action. Such models in various dimensions with and
without chiral fermions, with and without D-branes at angles have been constructed. We give only
a non comprehensive list of references here[9–25].
In orientifold compactifications it may make sense to push the supersymmetry breaking one
step further, to completely broken supersymmetry. The reason is that supersymmetry may not be
necessary to explain the hierarchy between the Planck and the electro weak scale. In brane setups
one can (sometimes) keep the fundamental scale (the string scale) at the weak scale and obtain the
Planck scale by large compact extra dimensions[26].
There are essentially two ways to break supersymmetry completely by D-branes. Instead of
satisfying the tadpole cancellation conditions by adding D-branes only one can also include anti-D-
branes (with opposite RR charges). Strings stretching between anti-D-branes and D-branes can have
tachyonic excitations depending on the distance between the branes. Under certain circumstances
the vacua are then unstable and undergo phase transitions[27–30]. Models of this kind have been
presented e.g. in[31–40].
In this paper we will be interested in another way of supersymmetry breaking, namely via
branes at angles. D-branes intersecting at angles generically break supersymmetry completely and
only for very special values of the angles supersymmetry is partly unbroken. Such scenarios are
e.g. discussed in[41–46]. We will mainly focus on the constructions in[41] and[44]. Indeed, we
present basically a combination of these two models. Let us briefly describe the setup of [41] (we
are interested in the four dimensional model they present). The compact space is a product of
three tori T 2. The symmetry which is gauged is worldsheet parity inversion multiplied with the Z2
reflection of three compact dimensions, one in each torus. This is a symmetry of type IIA strings.
Supersymmetry is completely broken by adding D6-branes which intersect at angles in each of the
three tori. (The D6-branes have one Neumann and one Dirichlet direction in each torus.) From
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strings stretching between D-branes intersecting at angles in all the three tori chiral fermions are
obtained. As argued in[41, 44] this setup has the disadvantage that an explanation of the hierarchy
by having large extra dimensions is not possible in this model. The reason is that there is no
“overall” transverse dimension which could be taken large. We will comment on this criticism
below. But first we want to sketch the alternative model presented in[44]. Here, the compact space
is chosen to be a T 2 times a four dimensional orbifold. The model contains D4-branes which are
extended along the non-compact dimensions and in one direction in the T 2, where they intersect at
angles. They are located at orbifold singularities in the remaining four compact directions. Again,
chiral fermions arise from the sector where a string stretches between two D4-branes intersecting
at angles. The hierarchy between the weak and the Planck scale can now be translated into a large
orbifold volume.
In the present paper we combine these two constructions, i.e. we perform a further orbifold
gauging of the model in[41], or (equivalently) an orientifold gauging of the model in[44]. The re-
sulting low energy effective theories are non-supersymmetric and contain chiral fermions. However,
like in the model of[41] there is no overall transverse dimension whose large volume could explain
the hierarchy. But there may be a way out of this problem. The models are non-supersymmetric
and free of RR tadpoles. This necessarily implies that they possess NSNS tadpoles, or roughly
speaking that the net tension in the transverse space differs from zero. Taking into account the
Fischler-Susskind mechanism[47] this non-vanishing net tension back-reacts on the excitations of
the closed type IIA string, in particular on the metric. Such a back-reaction can result in a cos-
mological constant in the effective four dimensional theory but may also curve the geometry of the
compact space. Stringy setups where this happens have been studied in[48, 49]. For the kind of
setups we discuss here the effect of the back-reaction has not been taken into account. This is
perhaps a rather complicated computation. Qualitatively one would expect that the compact space
curves. This affects the size of the four dimensional Planck mass, and the four dimensional gauge
couplings differently. Such an effect may explain the hierarchy even if one starts without choosing
some of the compact dimensions to be large, for a simple model where this happens see[50]. We are
not claiming that this will happen in the models we discuss. However, it may be a way to obtain
the scales in a natural way, about which we just miss sufficiently detailed knowledge.
The present paper is organized as follows. In the next section we line out the general setup.
Section 3 provides the details of the construction. These are the possible torus lattices, the tadpole
cancellation conditions and the massless spectra. In section 4 we discuss the differences due to the
different orbifold projections and work out some examples explicitly. Section 5 contains a summary
of our results and our conclusions. In two appendices we collect some formulæ which are used in
the loop and tree channel computations of the tadpole cancellation conditions. A third appendix
gives the massless closed string spectra and chiral fermions due to open strings in general and for
a particular example.
2 General Setup
In this article we construct ΩR orientifolds of type IIA string theory compactified to four dimensions
on T 2×T 4/ZN with D6-branes at angles. In the following we explain some general features of these
models and introduce some notation. For further details we refer to [23]. The four non-compact
dimensions are labeled by xµ, µ = 0, . . . , 3. The six compact directions we describe by three
complex coordinates,
z1 = x4 + ix5 , z2 = x6 + ix7 , z3 = x8 + ix9. (1)
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corresponding to three two-tori T1,2,3. Ω reverses worldsheet parity, R reflects the imaginary parts
of the zi,
R : zi → z¯i, (2)
and the ZN rotation Θ acts as
Θ : zi → e2piivizi, (3)
but on the tori T2,3 only, i.e. v1 = 0. The set of points invariant under ΩRΘk (k = 0, . . . , N − 1)
constitutes the orientifold fixed planes (O6-planes) which fill the non-compact dimensions and whose
locations in the compact directions are shown in figure 1. The RR-charges of these O6-planes have
Θ
Θ
T3T2T1
Figure 1: Orientifold fixed planes for Z4
to be cancelled by adding an appropriate arrangement of D6-branes. The most symmetric choice
is to place the D6-branes on top of the O6-planes. This leads to a non-chiral and supersymmetric
theory, in principle given by a simple torus compactification of the models discussed in [19]. The
requirement of balancing the RR-charges of O6-planes and D6-branes yields the tadpole cancellation
conditions [8] which constitute the basic consistency conditions for orientifold constructions.
The tadpole cancellation conditions can be obtained in two different ways. One possibility is
to extract the relevant UV-divergent parts of the loop channel diagrams which are given by the
trace over the closed string NSNS states with PΩR(−)F insertion, over the open string R states
with −PΩR and over the open string NS states with P (−)F insertion in the case of the Klein
bottle, the Mo¨bius strip and the annulus, respectively. P is the projector on the states invariant
under the orbifold group ZN and (−)F is the worldsheet fermion number. For further details again
consider [23]. The second possibility is to construct the boundary states |B〉 for the D6-branes and
the crosscap states |C〉 for the O6-planes [51] and to calculate directly the exchange of RR closed
strings in the tree channel by the overlaps 〈C| . . . |C〉, 〈C| . . . |B〉 and 〈B| . . . |B〉 in the case of the
Klein bottle, the Mo¨bius strip and the annulus, respectively. For further details, see appendix B.
The requirement that the amplitudes obtained in the two different ways explained above have
to match after a modular transformation from the loop to the tree channel (or vice versa) is called
worldsheet duality and further restricts the possible solutions. E.g. the Klein bottle amplitude
restricts the possible choices of orbifold lattices, the Mo¨bius strip yields conditions for the repre-
sentation of the orientifold group on the Chan Paton matrices and from the annulus/cylinder one
obtains the twisted sector tadpole cancellation conditions, since the identity ΩRΘ = Θ−1ΩR implies
that only untwisted RR states may propagate in the tree channel.
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3 Details of the construction
Before presenting any calculations, we describe some general properties. The tori have to be invari-
ant under the orientifold group, i.e. the torus T1 has to be invariant under R whereas the tori T2,3
have to be ZN invariant in addition. The action of ZN is defined via the shift ~v = (0, 1/N,−1/N).
The possible lattices are shown in the figures 2 and 3 for the example of Z4. In the case of Z2, the
tori T2,3 can be chosen to be of type a (or b), too. We consider K stacks of branes intersecting at
a
R
b
R
R2
R1
α
Figure 2: Possible torus lattices on T1.
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Figure 3: Possible torus lattices on T2,3 for Z4. The black circles are the fixed points under Θ
1,3
and the white circles are the additional fixed points under Θ2.
arbitrary angles on T1. Each stack consists of Na (a = 1, . . . ,K) D6a-branes on top of each other.
In figure 4 an example is shown. On T2,3 we choose the D6a-branes to be arranged symmetrically
(recall figure 1). The relative angles of the D6a-branes with respect to the x
4 axis can be expressed
in terms of the wrapping numbers (na,ma), i.e. the number of times the D6a-branes wrap around
the two fundamental cycles of T1. We only consider models where the angles can be expressed in
finite (na,ma), because otherwise the D6a-brane would fill the T1. Since R is a symmetry of the
theory, the branes we have to consider actually are superpositions of D6a-branes with their mirror
branes with respect to the x4 axis. Therefore we may choose ma ≥ 0. Furthermore, the choice
na > 0 reflects the fact that we do not consider D6a-branes in this paper. As one can see in figure 4,
in general the branes intersect plurally on T1. The number of intersections of two stacks of branes
D6a and D6b can be expressed in terms of the wrapping numbers
Iab = namb −manb, (4)
4
x5
Na
Nb
x4
Figure 4: One stack of Na D6a-branes with wrapping number (na,ma) = (3, 1) intersecting another
stack of Nb D6b-branes with wrapping number (nb,mb) = (1, 2) on T1. The black circles denote the
multiple intersection points on the torus.
as one can check for the example in figure 4. A negative wrapping number makes no sense geomet-
rically, but one can get rid of the negative sign by choosing the conjugate representation for the
corresponding particles.
3.1 Amplitudes and tadpole cancellation
We start with the Klein bottle loop channel amplitude. The compact momenta consist of Kaluza
Klein contributions
P = r1~e
∗
1 + r2~e
∗
2 (5)
and contributions from windings
α′W = s1~e1 + s2~e2, (6)
where the ri, si are integers and the ~ei (~e
∗
i ) are the basis vectors of the (dual) torus lattice. Re-
quiring invariance of P and W under the orientifold group and using ΩPΩ−1 = P and ΩWΩ−1 =
−W one obtains the lattice contributions to the amplitude LR1,R2 [1, 1] for the a type T1 and
LR,R[1/ cos2 α, 4 sin2 α] for the b type T1. On T2,3 one has to set R1 = R2 = R for A and α = π/4
for B in the case of Z4, for example (see appendix A.1 for the notation). Of course, in general
the radii of the different tori are not the same, so there should be further indices for the radii, but
we omit them to keep the notation simple. The different lattice contributions are summarized in
table 4. Lattice contributions only show up in the untwisted sector. One could think that all pos-
sible combinations aAA, bAA etc. are allowed, but here worldsheet duality comes into the game,
see [19, 23] and appendix B. In the case of Z4 (and Z6), an insertion of Θ in the trace interchanges
contributions from A and B. But since, as stated above, in the tree channel only untwisted RR
states propagate, each contribution in the loop channel has to be invariant under interchange of A
and B. Thus in the cases of Z4,6 only the models aAB and bAB (which are equivalent to aBA
and bBA, respectively), whereas for Z2,3 all combinations are allowed.
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The calculation of the NSNS part with (−)F insertion of the one loop amplitude yields
K = c
∫ ∞
0
dt
t3
LK1
(
K(0)LK2 LK3 +
N−1∑
n=1
χ(n)K(n)
)
, (7)
where K(n) are the oscillator contributions from the nth twisted sector (see [21, 23] for the notation),
χ(n) are the multiplicities from the orbifold fixed points and c = V4/(8π
2α′)2 is the regularized
volume factor from the non-compact momentum integration. Note that the result (7) already
implies the consequences from worldsheet duality, namely the fact that not all combinations of
lattices are allowed, as stated above.
Performing the modular transformation using t = 1/4l leads to the tree channel amplitude
K˜ = ccK1 cK2 cK3
∫ ∞
0
dlL˜K1
ϑ
[
1/2
0
]2
η6

L˜K2 L˜K3
ϑ
[
1/2
0
]2
η6
− 4
N−1∑
n=1
sin2
(πn
N
) ϑ[ 1/2n/N ]ϑ[ 1/2−n/N ]
ϑ
[
1/2
1/2+n/N
]
ϑ
[
1/2
1/2−n/N
]

 ,
(8)
corresponding to the RR exchange in the tree channel. The cKi can be read off from LKi = cKi lL˜Ki
and are displayed in table 4. The argument of the ϑ and η functions in equation (8) is given by
e−4pil.
Calculating the amplitude directly in the tree channel using the boundary state formalism [51]
and comparing the result with equation (8) (i.e. requiring worldsheet duality) restricts the possible
choice of the tori, as stated above, and determines the normalization of the crosscap states to be
NC =
√
ccK1 c
K
2 c
K
3
2N
, (9)
see appendix B.1 for the details and notation.
Now we consider the annulus amplitude, i.e. the one-loop amplitude from strings starting and
ending on some of the D6-branes we have to add to cancel the tadpoles arising from the orientifold
planes. Remember that we add Na D6a-branes (a = 1, . . . ,K) at some angles on T1, ZN symmetric
on T2,3. Let us first discuss the one-loop amplitude from strings starting and ending on the same
stack of D6a-branes. The compact momenta corresponding to the Kaluza Klein momenta in the
case of the Klein bottle are given by the inverse length of the D6-branes on the corresponding torus.
Thus, e.g. for the a type T1 one obtains
P =
r√
(naR1)2 + (maR2)2
≡ rV −1, (10)
where r is an integer. Strictly speaking, P and V should carry the index of the wrapping numbers,
but we omit this index here and in the following. The compact momenta corresponding to the
windings in the case of the Klein bottle are given by the distance of parallel D6-branes on the
corresponding torus, see figure 4. For the a type T1 one obtains
α′W = sR1R2V −1, (11)
with s integer. The lattice contributions then appear as LAa =
∑
r,s e
−2pitα′M2 with M2 = P 2 +
(α′W )2 in the trace. The results for the b type T1 are shown in table 4. The relevant part of the
one loop amplitude from D6a-D6a strings reads
Aaa = c
4
N2a
∫ ∞
0
dt
t3
LA1
ϑ
[
0
1/2
]2
η6

LA2 LA3
ϑ
[
0
1/2
]2
η6
+
N−1∑
n=1
χ
(n)
A
ϑ
[
n/N
1/2
]
ϑ
[−n/N
1/2
]
ϑ
[
1/2+n/N
1/2
]
ϑ
[
1/2−n/N
1/2
]

 , (12)
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where χ
(n)
A is the intersection number of the D6-branes on T2,3. The argument of the ϑ and η
functions is e−pit. Equation (12) already contains another consequence of worldsheet duality, namely
the fact that the Chan Paton representations of Z2 elements of the orbifold group have to be
traceless. This is the so called “twisted tadpole cancellation condition”.
The modular transformation t = 1/2l leads to
A˜aa = c
24
N2a c
A
1 c
A
2 c
A
3
∫ ∞
0
dlL˜A1
ϑ
[
1/2
0
]2
η6

L˜A2 L˜A3
ϑ
[
1/2
0
]2
η6
− 4
N−1∑
n=1
. . .

 , (13)
where −4∑N−1n=1 . . . is just the same as in equation (8). The argument of the ϑ and η functions
is e−4pil. Comparing this with the result from the boundary state formalism, one obtains the
normalization factor for the boundary states
NB =
√
ccA1 c
A
2 c
A
3
25N
, (14)
see appendix B.2 for the details and notation.
Having found the complete boundary and crosscap states, the calculation of the remaining
amplitudes becomes a straightforward task. The tree level cylinder amplitude from strings stretched
between the branes D6a and D6b intersecting at a relative angle π∆ϕ reads
A˜ab = c
23
NaNbIabc
A
2 c
A
3
∫ ∞
0
dl
ϑ
[
1/2
0
]
η3
ϑ
[
1/2
∆ϕ
]
ϑ
[
1/2
1/2+∆ϕ
]

L˜A2 L˜A3
ϑ
[
1/2
0
]2
η6
− 4
N−1∑
n=1
. . .

 , (15)
where Iab is the intersection number of D6a and D6b on T1 defined in equation (4).
The contributions from the Mo¨bius strip to the RR exchange in the tree channel are obtained by
calculating the overlap of the corresponding boundary and crosscap states. We first discuss the case
of a string starting on a D6-brane aligned with the x4-axis on T1 and ending on the corresponding
O6-plane (and vice versa). The relevant part of the amplitude is given by
M˜|| = −
c
24
Nac
M
1 c
M
2 c
M
3
∫ ∞
0
dlL˜M1
ϑ
[
1/2
0
]2
η6

L˜M2 L˜M3
ϑ
[
1/2
0
]2
η6
− 4
N−1∑
n=1
. . .

 . (16)
The argument of the ϑ and η functions is −e−4pil. Similarly, we obtain the relevant contribution
from a string starting (or ending) on a D6a-brane at angle πϕ with respect to the x
4-axis on T1
M˜a = − c
22
NaI
ΩR
a′a c
M
2 c
M
3
∫ ∞
0
dl
ϑ
[
1/2
0
]
η3
ϑ
[
1/2
ϕ
]
ϑ
[
1/2
1/2+ϕ
]

L˜M2 L˜M3
ϑ
[
1/2
0
]2
η6
− 4
N−1∑
n=1
. . .

 , (17)
where IΩRa′a is the number of ΩR-invariant intersections of the brane D6a with its ΩR-image D6a′ .
Putting everything together and taking the limit l → ∞, we obtain the tadpole cancellation
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conditions
Z2 :
∑
a
Nana =


16 (aaa)
8 (aab)
4 (abb)
Z3 :
∑
a
Nana = 4 (aAA,aAB,aBB)
Z4 :
∑
a
Nana = 8 (aAB)
Z6 :
∑
a
Nana = 4 (aAB) ,
(18)
for the b type T1 one just has to replace na by na+ma. Since we are restricted to the cases na > 0
and ma ≥ 0, there is not much freedom left for the construction of models. In section 4 we give
some explicit examples.
3.2 The spectrum
Generically, we obtain non-supersymmetric and chiral models which contain tachyons. The only
exception is the trivial case, where ma = 0 for all a, where the spectrum is N = 2 supersymmetric,
nonchiral and free of tachyons.
In the untwisted closed string sector we find the N = 2 SUGRA multiplet. The twisted closed
string sectors and the sectors from open strings which do not stretch between D6-branes at an-
gles on T1 contain further N = 2 SUSY multiplets. What makes the spectrum generically non-
supersymmetric, are the open strings stretching between branes at angles on T1. In these sectors
we always find tachyons. We find chiral fermions not only in the sectors where the strings stretch
between branes at angles on all three tori, but also where they stretch between branes at angles
on T1 only, if an additional Z2 symmetry from the orbifold group is present, because in this case
the left- and right-handed states are distinguished by different parity under the Z2 transformation.
The appearence of tachyons can easily be seen considering the mass formula for open strings in the
NS sector
α′m2 = osc +
1
2
(∆ϕ+ 2
k
N
− 1), (19)
where −1/2 < ∆ϕ < 1/2 is the relative angle on T1 and k/N is the relative angle on T2,3 in units
of π. “osc” is minus the moding of the applied oscillator, thus e.g. for the state ψ1∆ϕ−1/2|0〉 from a
string with k = 0 we obtain a tachyon with α′m2 = −∆ϕ/2. The resulting gauge groups are
Z2,4,6 :
∏
ma 6=0
U(Na/2)
4
∏
ma=0
U(Na/2)
2
Z3 :
∏
ma 6=0
U(Na)
∏
ma=0
SO(Na),
(20)
for further details see appendix C and the explicit examples in the following section.
4 The Z3 and Z2 case
4.1 Models on T 2 × T 4/Z3
The most simple model on T 2×T 4/ZN is the case N = 3 where the branes lie on top of the O-planes
on T2,3 (similar to figure 1). In the case of Z3, Θ
1/2 is a symmetry of the lattice and therefore all
8
branes wrapping the same cycle on T1 are identified under the orbifold group [23, 19]. Generically,
a set of branes with (na,ma) generates a U(Na) gauge group whereas for (na,ma) = (1, 0), the
branes have an additional ΩR-symmetry. Imposing the corresponding projection condition breaks
the gauge group down to SO(Na).
We can choose the lattice orientations A, B independently on T2,3. The tadpole cancellation
condition (18) is not affected by this choice, but the chiral fermionic spectrum listed in table 1
receives an overall multiplicity χ from the number of brane intersections in the fundamental cell.
As Θ and Θ2 sectors yield the same contribution, each fermion comes in an even number of copies.
Strings starting and ending on stacks of branes a, b with different wrappings on T1 transform
in the bifundamental of U(Na)× U(Nb). ΩR simply maps ab-strings to b′a′-strings. In the special
case of strings stretching between mirror branes aa′, we have to analyse the intersection points
more closely. On T2,3, all intersections are invariant whereas on T1 there are 2ma points which are
mapped onto themselves by the reflection R while the remaining 2ma(na−1) form pairs. The latter
support fermions in the antisymmetric (Aa) and symmetric (Sa) representation. At ΩR invariant
brane intersections, the symmetric part is projected out and we only obtain fermions transforming
in the antisymmetric representation. The generic chiral fermionic spectrum as displayed in table 1
is free of purely non-abelian gauge anomalies. This is a consequence of the tadpole cancellation
condition (18).
Chiral fermionic spectrum for Z3
rep. mult.
aa′ (Aa)L 4maχ
aa′ (Aa)L + (Sa)L 2ma(na − 1)χ
ab (F¯a,Fb)L 2(namb − nbma)χ
ab′ (Fa,Fb)L 2(namb + nbma)χ
Table 1: Generic chiral spectrum for Z3. χ = 1(3, 9) is the intersection number on T2,3 for the
lattices AA (AB, BB).
4.1.1 Example 1, Z3
As we restrict our analysis to D6a-branes, the largest feasible gauge group which respects the tadpole
condition (18) and yields chiral fermions is U(3)×U(1). We can split this group into SU(3)×U(1)2.
Choosing the wrapping numbers (n1,m1) = (1, 1), (n2,m2) = (1, 2), out of the two U(1)’s the linear
combination
Qnon−an. = Q1 − 3
2
Q2 (21)
is non-anomalous. The remaining U(1) should get a mass of the order of the string scale by
a generalized Green-Schwarz mechanism involving closed string moduli [44, 52] (and references
therein). The resulting spectrum is displayed in table 2 for the lattice aAA.
4.2 Models on T 2 × T 4/Z2
Z2 models are the most simple examples for T
4/ZM orbifolds where M is even. In this case, the
requirement of obtaining the complete projector in the tree channel leads to two tadpole cancellation
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Chiral spectrum, Ex. 1
SU(3)× U(1)non−an. mult.
11′ (3¯)2 4
12 (3¯)−5/2 2
12′ (3)−1/2 6
Table 2: Chiral fermionic spectrum for Z3 with (n1,m1) = (1, 1), (n2,m2) = (1, 2) and lattice aAA.
All states are left-handed.
conditions, namely ∑
a
χnaNa = 16,
trγΘ = 0, (22)
where χ = 1(2, 4) is the intersection number on T2,3 for aa (ab, bb).
There are three major differences as compared to section 4.1: First of all, worldsheet duality
gives a constraint on the representation matrices of the orbifold group leading to a smaller gauge
group, U(Na)
Z2−→ U(Na/2)× U(Na/2) [ ΩR−→ U(Na/2) for a brane which is its own mirror brane].
Secondly, for a given wrapping number on T1 there exist two different brane configurations on T2,3,
namely those extended along the (x6, x8)- and those along the (x7, x9)-directions, which cannot be
identified by any element of the orientifold group. Thus, for given (na,ma) we obtain the total gauge
group U(Na/2)
4 [U(Na/2)
2 for ma = 0]. At last, the intersection number χ on T2,3 explicitly enters
the tadpole cancellation condition. A Z2 rotation maps each sector onto itself whilst assigning
a fixed parity ±1 to each massless state. As one can easily read off from table 5, left-handed
states are Z2-even and right-handed ones are Z2-odd in all sectors with a non-vanishing angle on
T1. Therefore, not only strings stretching between branes at non-vanishing angles on all three tori
contribute to the chiral spectrum but also those which are merely tilted on T1. This is also the
reason why the intersection number χ explicitly enters the tadpole cancellation conditions (22).
Taking all this into account, the chiral part of the open string spectrum is as listed in table 3.
The analysis of the Z4,6 cases goes completely analogous to Z2. Again, there exist two indepen-
dent brane configurations on T2,3 and a condition on the Chan-Paton matrices, trγΘN/2 = 0, yielding
the gauge group U(Na/2)
4 for given (na,ma). “Untwisted” strings on T2,3 will contribute to the
chiral spectrum since Z2-even and -odd states have opposite handedness. One additional subtlety
enters the computation of the “Θ2-twisted” and “Θ3-twisted” open spectrum in the case of Z6 as the
intersection points on T2,3 are permuted by the orbifold group. However, the tadpole conditions (18)
already indicate that we cannot include the standard model gauge group SU(3)× SU(2) × U(1) in
Z4,6 without adding anti-branes. Therefore, we will not discuss these models in detail but close this
section by giving a Z2 example which encloses SU(3)× SU(2)× U(1).
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Chiral fermionic spectrum for Z2
rep. of U(Na2 )
4 × U(Nb2 )4 mult.
aa′U (Fa,Fa, 1, 1)L + (1, 1,Fa,Fa)L 4mana
(A¯a, 1, 1, 1)L 4ma
(A¯a + S¯a, 1, 1, 1)L 2ma(na − 1)
aa′T (F¯a, 1, 1, F¯a)L + (1, F¯a, F¯a, 1)L 2manaχ
abU (Fa, 1, 1, 1; 1, F¯b, 1, 1)L + (1,Fa, 1, 1; F¯b, 1, 1, 1)L 2(namb − nbma)
+(1, 1,Fa, 1; 1, 1, 1, F¯b)L + (1, 1, 1,Fa; 1, 1, F¯b, 1)L
(F¯a, 1, 1, 1;Fb, 1, 1, 1)L + (1, F¯a, 1, 1; 1,Fb, 1, 1)L 2(namb − nbma)
+(1, 1, F¯a, 1; 1, 1,Fb, 1)L + (1, 1, 1, F¯a; 1, 1, 1,Fb)L
ab′U (F¯a, 1, 1, 1; F¯b, 1, 1, 1)L + (1, F¯a, 1, 1; 1, F¯b, 1, 1)L 2(namb + nbma)
+(1, 1, F¯a, 1; 1, 1, F¯b, 1)L + (1, 1, 1, F¯a; 1, 1, 1, F¯b)L
(Fa, 1, 1, 1; 1,Fb, 1, 1)L + (1,Fa, 1, 1;Fb, 1, 1, 1)L 2(namb + nbma)
+(1, 1,Fa, 1; 1, 1, 1,Fb)L + (1, 1, 1,Fa : 1, 1,Fb, 1)L
abT (Fa, 1, 1, 1; 1, 1, F¯b, 1)L + (1,Fa, 1, 1; 1, 1, 1, F¯b)L (namb − nbma)χ
+(1, 1,Fa, 1; F¯b, 1, 1, 1, )L + (1, 1, 1,Fa; 1, F¯b, 1, 1)L
ab′T (F¯a, 1, 1, 1; 1, 1, 1, F¯b)L + (1, F¯a, 1, 1; 1, 1, F¯b, 1)L (namb + nbma)χ
+(1, 1, F¯a, 1; 1, F¯b, 1, 1, )L + (1, 1, 1, F¯a; F¯b, 1, 1, 1)L
Table 3: Generic chiral spectrum for Z2. “U” labels identical configurations on T2,3, “T” denotes
branes which are perpendicular on T2,3.
4.2.1 Example 2, Z2
As we choose not to include anti-branes in our analysis, the SM gauge group can only be enclosed
for the choice χ = 1 (cf. eq. (22)). Taking the aaa lattice and the minimal possible choice, namely
N1 = 6, (n1,m1) = (1, 1),
N2 = 4, (n2,m2) = (1, 0), (23)
N3 = 2, (n3,m3) = (4, 1),
we obtain the gauge group SU(3)4 × SU(2)2 × U(1)10. Herein, a sublety arises from the second
stack of branes. The tadpole condition (22) has to be modified,
N2
2
+
∑
a6=2
naNa = 16. (24)
This is in agreement with the fact that models containing only stacks of branes with (n,m) = (1, 0)
are T-dual to the ones considered in [8] for Z2 and [19] for Z3 leading to U(16)
2 and SO(8) respec-
tively. The modified equation (24) reflects the fact that the additional ΩR symmetry of brane 2
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removes half of the degrees of freedom. Thus, the sector 1′2 provides the anti-particles for the sector
12 (and similarly for 23 and 23′), whereas generically the sector a′b′ contains the anti-particles for
the sector ab (and similarly ab′ is paired with a′b). Therefore, in the sectors 13, 13′, . . . we obtain
an even number of generations transforming under the same gauge factors whereas in the sector
12, there exists a single particle in the (31,22) of SU(3)1 × SU(2)2. However, as the complete
spectrum is symmetrically distributed among the gauge factors which are supported by a specific
brane configuration, the total number of (3i,2j) representations of all possible SU(3)i × SU(2)j
(i = 1, . . . 4; j = 1, 2) combinations is even. This can be easily seen by examining the chiral spec-
trum displayed in table 6. The model contains (at least) six non-anomalous U(1) factors. A possible
set of linear combinations is given by
Q˜1 = Q1 +Q2 − 3Q7 − 3Q8,
Q˜2 = Q3 +Q4 − 3Q9 − 3Q10,
Q˜3 = Q1 −Q2 − 3Q5, (25)
Q˜4 = Q3 −Q4 − 3Q6,
Q˜5 = −4Q5 +Q7 −Q8,
Q˜6 = −4Q6 +Q9 −Q10.
These charges are also listed in table 6. The remaining anomalous U(1)’s should become massive
by a generalized GS mechanism.
Example 2
Example 1
1
2
3
12
Θ
Θ
Θ
Θ
T1
T2 T3
T1 T2 T3
Figure 5: Brane configurations for the examples
5 Conclusions
We have constructed type IIA theories on ΩR × T 2 × T 4/ZN . The resulting spectra are non-
supersymmetric. They contain a bunch of chiral fermions as well as tachyons transforming in the
12
same representation of the gauge group. We have explicitly given examples for Z2,3. Excluding anti-
D-branes, for Z3 the maximal gauge group obtainable is SU(3)×U(1) if we require the presence of
chiral fermions. The resulting spectrum is listed in table 2. We have also worked out an example for
Z2 which encloses the standard model gauge group as well as several non-anomalous U(1) factors.
These U(1)’s are displayed in equation (25) and the chiral spectrum is listed in table 6. However,
in this framework we can neither obtain a three generation model nor give an obvious solution to
the hierarchy problem. Both debilities could be avoided by combining a more general orientifold
action ΩR˜ with non-vanishing background fields. Additionally, in such models tachyons would not
necessarily carry the same gauge quantum numbers as the chiral fermions. We will pursue this
further.
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A Computation of one-loop diagrams
The tadpole cancellation conditions are determined by computing those diagrams in the loop channel
which correspond to RR-exchanges in the tree channel. As explained in section 2, the relevant
contributions arise from the NSNS(−)F sector for the Klein bottle, R for the Mo¨bius strip and
NS(−)F for the Annulus. For the detailed calculation of the oscillator contributions in the loop
channel, we refer to [21, 23, 41].
A.1 Lattice contributions
On a torus with radii R1,2 only momenta along the ΩR invariant direction and windings perpen-
dicular to the former ones contribute. In the loop channel, the general contribution is given by
LR1,R2 [α, β](t) ≡
(∑
m∈Z
e−αpitm
2/ρ1
)(∑
n∈Z
e−βpitn
2ρ2
)
(26)
where ρi = R
2
i /α
′. Using Poisson resummation gives the general expression for the lattice contri-
bution in the tree channel
L˜R1,R2 [α, β](t) ≡
(∑
m∈Z
e−αpitm
2ρ1
)(∑
n∈Z
e−βpitn
2/ρ2
)
. (27)
(26) and (27) are related via
LR1,R2 [α, β](t) = clL˜R1,R2 [κ
α
,
κ
β
] (l) (28)
with c = κ√
αβ
R1
R2
, t = 1/(κl) and κ = 4 (2, 8) for the Klein bottle (Annulus, Mo¨bius strip). The
results for the different tori are summarized in table 4.
B Computation of tree channel diagrams
B.1 Construction of crosscap states
A comprehensive introduction into the boundary state approach to D branes is given in [30] and
references therein. Appendix A of [38] contains the construction of crosscap states in related models.
B.1.1 Oscillator part
Crosscap states have to fulfill[
XiL,R(σ, 0)−ΘkRXiR,L(σ + π, 0)
]
|ΩRΘk〉 = 0. (29)
Inserting the mode expansion
Xi(σ, τ) = xi +
piL
2π
(τ + σ) +
piR
2π
(τ − σ) + i
2
∑
r
1
r
αire
−ir(τ+σ) +
i
2
∑
s
1
s
α˜ise
−is(τ−σ) (30)
gives the constraints in terms of bosonic oscillators
(αµn + (−1)nα˜µ−n)|ΩRΘk, η〉 = 0,
(αir + (−1)re2piikvi α˜i¯−r)|ΩRΘk, η〉 = 0, (31)
(αi¯r + (−1)re−2piikvi α˜i−r)|ΩRΘk, η〉 = 0.
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Z2,4 Z3,6
a b A B A B
LK LR1,R2 [1, 1] LR,R[1/ cos2 α, 4 sin2 α] LR,R[1, 1] LR,R[2, 2] LR,R[4, 3] LR,R[4/3, 1]
L˜K L˜R1,R2 [4, 4] L˜R,R[4 cos2 α, 1/ sin2 α] L˜R,R[4, 4] L˜R,R[2, 2] L˜R,R[1, 4/3] L˜R,R[3, 4]
cK 4R1/R2 2/ tanα 4 2 2/
√
3 2
√
3
LA LAa LR,R[2/V 2α , 2 sin2(2α)/V 2α ] LR,R[2, 2] LR,R[1, 1] LR,R[2, 3/2] LR,R[2/3, 1/2]
L˜A L˜Aa L˜R,R[V 2α , V 2α / sin2(2α)] L˜R,R[1, 1] L˜R,R[2, 2] L˜R,R[1, 4/3] L˜R,R[3, 4]
cA V 2/(R1R2) V 2α / sin(2α) 1 2 2/
√
3 2
√
3
LM LR1,R2 [2, 2] LR,R[1/(2 cos2 α), 8 sin2 α] LR,R[2, 2] LR,R[1, 4] LR,R[2, 6] LR,R[2/3, 2]
L˜M L˜R1,R2 [4, 4] L˜R,R[16 cos2 α), 1/ sin2 α] LR,R[4, 4] LR,R[8, 2] LR,R[4, 4/3] LR,R[12, 4]
cM 4R1/R2 4/ tanα 4 4 4/
√
3 4
√
3
Table 4: The different lattice contributions. Vα =
√
n2a +m
2
a + 2nama cos(2α). The definitions of
LAa and V are given in the text in section 3.1.
The constraints for the fermionic oscillators are (η = ±1)
(ψµr + iηe
−ipirψ˜µ−r)|ΩRΘk, η〉 = 0,
(ψir + iηe
−ipire2piikviψ˜i¯−r)|ΩRΘk, η〉 = 0, (32)
(ψi¯r + iηe
−ipire−2piikviψ˜i−r)|ΩRΘk, η〉 = 0.
A solution is provided by
|ΩRΘk, η〉 = NC exp
{
−
∑
n
(−1)n
n
αµ−nα˜
µ
−n −
∑
i∈{1,2,3}
∑
n
(−1)n
n
e−2piikviαi−nα˜
i
−n
−
∑
i¯∈{1¯,2¯,3¯}
∑
n
(−1)n
n
e2piikviαi¯−nα˜
i¯
−n − iη
∑
r
e−ipirψµ−rψ˜
µ
−r (33)
− iη
∑
i∈{1,2,3}
∑
r
e−ipire−2piikviψi−rψ˜
i
−r − iη
∑
i¯∈{1¯,2¯,3¯}
∑
r
e−ipire2piikviψi¯−rψ˜
i¯
−r
}
|0, η〉
where r ∈ Z(Z+ 12) in the RR (NSNS) sector. GSO-invariant states are given by
|ΩRΘk〉 = |ΩRΘk〉NSNS + |ΩRΘk〉RR,
|ΩRΘk〉NSNS = |ΩRΘk,+〉NSNS − |ΩRΘk,−〉NSNS , (34)
|ΩRΘk〉RR = |ΩRΘk,+〉RR − i|ΩRΘk,−〉RR.
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The total crosscap state has to be invariant w.r.t. the orbifold group (i.e. it contains the ‘complete
projector’):
|C〉 =
N−1∑
k=0
|ΩRΘk〉. (35)
B.1.2 Lattice part
From (29) we also obtain (
xi − e2piikvi [xi¯ + 1
2
(pi¯L − pi¯R)]
)
|ΩRΘk〉 = 0 (36)
by inserting the mode expansion (30). From this we can read off that the crosscap state |ΩRΘk〉 is
confined to a line on Ti which is tilted by the angle −πkvi w.r.t. the real axis. Finally, conditions
on the momenta arise:
pµ|ΩRΘk〉 = 0,
(piL + e
2piikvipi¯R)|ΩRΘk〉 = 0, (37)
(piR + e
2piikvipi¯L)|ΩRΘk〉 = 0.
Inserting pL,R = P ± α′W for the compact momenta, (37) indicates that on each Ti, there are
Kaluza-Klein momenta perpendicular and windings parallel to the position of the crosscap state.
B.2 Boundary states
Similarly to a crosscap state, the boundary state for a D-brane at angle πϕ on T1 w.r.t. the x
4 axis
is given by
|ϕ,Θk; η〉 = NB exp
{
−
∑
n
1
n
αµ−nα˜
µ
−n −
∑
n
1
n
e2piiϕα1−nα˜
1
−n −
∑
i∈{2,3}
∑
n
1
n
e−2piikviαi−nα˜
i
−n
−
∑
n
1
n
e−2piiϕα1¯−nα˜
1¯
−n −
∑
i¯∈{2¯,3¯}
∑
n
1
n
e2piikviαi¯−nα˜
i¯
−n
− iη
∑
r
ψµ−rψ˜
µ
−r − iη
∑
r
e2piiϕψ1−rψ˜
1
−r − iη
∑
i∈{2,3}
∑
r
e−2piikviψi−rψ˜
i
−r (38)
− iη
∑
r
e−2piiϕψ1¯−rψ˜
1¯
−r − iη
∑
i¯∈{2¯,3¯}
∑
r
e2piikviψi¯−rψ˜
i¯
−r
}
|0, η〉
Using the analogous equations to (34), the GSO-ivariant boundary state is given by
|Bϕ〉 =
N−1∑
k=0
|ϕ,Θk〉. (39)
Discrete momenta exist in the compact directions perpendicular to the position of the boundary
state while windings are parallel.
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B.3 Tree channel amplitudes
Using equation (35) and (39), the tree channel amplitudes read
K˜total = K˜RR + K˜NSNS =
∫ ∞
0
dl〈C|e−2pilHcl |C〉
A˜total = A˜RR + A˜NSNS =
∫ ∞
0
dl
∑
ϕ,ϕ′
〈Bϕ|e−2pilHcl |Bϕ′〉 (40)
M˜total = M˜RR + M˜NSNS =
∫ ∞
0
dl
∑
ϕ
(
〈C|e−2pilHcl |Bϕ〉+ h.c.
)
As we only need to compute the RR exchange, we will use the abbreviation K˜ ≡ K˜RR etc. The
normalizations NC ,NB are determined from the Klein bottle and Annulus amplitude via worldsheet
duality. The following equation holds
〈ΩRΘk|e−2pilHcl |ΩRΘk′〉 =
{
N 2CK˜(0)L˜1L˜2L˜3 for k = k′∏2
i=1 [−2 sin(πvi(k − k′))]N 2CK˜(k−k
′)L˜1 for k 6= k′
(41)
where K˜(k−k′) ≡ K˜(k−k′)(l) contains the oscillator contribution (for notation see [21, 23]) and L˜i ≡
L˜i(l) denotes the lattice contribution for the torus Ti. For Z2,3, all |ΩRΘk〉 are extended along
(diagonal to) the axes of T2,3 in the case of the A (B) lattice. Since branes lie on top of O-planes on
T2,3 in our models, the positions of the O-planes can be read off from figure 5. All |ΩRΘk〉 have the
same relative orientation w.r.t. the tori T2,3, hence they all provide the same lattice contribution.
All choices AA, AB, BB lead to consistent models. The situation is different for Z4,6. In these
models, all |ΩRΘ2k〉 have the same orientation w.r.t. the lattice while all |ΩRΘ2k+1〉 have the other
possible one. |ΩRΘ2k〉 on the lattice A gives the same contribution as |ΩRΘ2k+1〉 on B and vice
versa,
〈ΩRΘ2k|e−2pilHcl |ΩRΘ2k〉+ 〈ΩRΘ2k+1|e−2pilHcl |ΩRΘ2k+1〉 −→
{
2L˜AL˜B for AB
L˜2
A
+ L˜2
B
for AA/BB
(42)
By modular transformation from the loop channel, one recovers the correct result for AB. But for
AA or BB, the loop channel amplitude gives 4L˜2
A
+ L˜2
B
for Z4 (L˜2A + 9L˜2B for Z6) as can be read
off from table 4. This means that only the AB-lattice is consistent with worldsheet duality.
C Spectra
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C.1 Closed string spectra
Closed string spectrum for Z2
twist-sector AA AB BB
untwisted SUGRA+ 11C + 4V
θ1 32C 28C + 4V 26C + 6V
Closed spectrum of Z3
untwisted SUGRA + 8C + 3V
θ1 + θ
2
1 28C + 8V 30C + 6V 36C
Closed string spectrum for Z4
lattice AB
untwisted SUGRA+ 8C + 3V
θ1 + θ
3
1 16C
θ21 19C + 1V
Closed string spectrum for Z6
untwisted SUGRA+ 8C + 3V
θ1 + θ
5
1 4C
θ21 + θ
4
1 18C + 2V
θ31 11C + 1V
C.2 Open string spectra
The multiplicity of open string states is determined by the number of intersections of brane a and
b on T1 in terms of their wrapping numbers,
Iab = namb −manb, (43)
as well as by the number of intersections χ on T2,3. An A type torus contributes a factor of one,
whereas a B type torus contributes a factor of 2 (3) in the case of Z2,4 (Z3,6).
For mirror branes, we have to distinguish between ΩR invariant intersections and those which
form pairs under ΩR:
IΩRa′a ≡
{
2ma a
ma − na b (44)
Ia′a − IΩRa′a =
{
2ma(na − 1) a
[ma(ma − 1)− na(na − 1)] b (45)
C.2.1 Fermionic states
The sectors where the branes are parallel on the first torus are non-chiral. In the sector with
∆ϕ 6= 0 and kN 6= 0, the left-handed fermion is massless while the would-be right-handed one
becomes massive with α′m2 = ∆ϕ. For Z2,4,6, additional chiral fermions arise from strings stretching
between mirror branes with kN = 0 because the left handed R-states are even under the Z2 symmetry
while the right handed ones are odd and thus are subject to a different orbifold projection.
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Fermionic states on T 2 × T 4/ZN
on T 2 on T 4/Z2 state mass chirality Z2
∆ϕ = 0 kN = 0 |0〉R 0 L +
ψ00ψ
1
0 |0〉R 0 R +
ψ00ψ
2
0 |0〉R 0 R −
ψ00ψ
3
0 |0〉R 0 R −
ψ10ψ
2
0 |0〉R 0 L −
ψ10ψ
3
0 |0〉R 0 L −
ψ20ψ
3
0 |0〉R 0 L +
ψ00ψ
1
0ψ
2
0ψ
3
0 |0〉R 0 R +
∆ϕ = 0 0 < kN 6
1
2 |0〉R 0 L +
ψ00ψ
1
0 |0〉R 0 R +
∆ϕ 6= 0 kN = 0 |0〉R 0 L +
ψ00ψ
2
0 |0〉R 0 R −
ψ00ψ
3
0 |0〉R 0 R −
ψ20ψ
3
0 |0〉R 0 L +
∆ϕ 6= 0 0 < kN 6 12 |0〉R 0 L +
ψ00ψ
1
−∆ϕ|0〉R ∆ϕ (R) (+)
Table 5: Fermionic ground states for the open string sector
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Chiral spectrum, Ex. 2, Part 1
rep. mult Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q10 Q˜1 Q˜2 Q˜3 Q˜4 Q˜5 Q˜6
11′U (3,3, 1, 1; 1, 1) 4 1 1 0 0 0 0 0 0 0 0 2 0 0 0 0 0
(1, 1,3,3; 1, 1) 4 0 0 1 1 0 0 0 0 0 0 0 2 0 0 0 0
(3, 1, 1, 1; 1, 1) 4 −2 0 0 0 0 0 0 0 0 0 −2 0 −2 0 0 0
(1,3, 1, 1; 1, 1) 4 0 −2 0 0 0 0 0 0 0 0 −2 0 2 0 0 0
(1, 1,3, 1; 1, 1) 4 0 0 −2 0 0 0 0 0 0 0 0 −2 0 −2 0 0
(1, 1, 1,3; 1, 1) 4 0 0 0 −2 0 0 0 0 0 0 0 −2 0 2 0 0
11′T (3¯, 1, 1, 3¯; 1, 1) 2 −1 0 0 −1 0 0 0 0 0 0 −1 −1 −1 1 0 0
(1, 3¯, 3¯, 1; 1, 1) 2 0 −1 −1 0 0 0 0 0 0 0 −1 −1 1 −1 0 0
12U (3, 1, 1, 1; 2¯, 1) 2 1 0 0 0 −1 0 0 0 0 0 1 0 4 0 4 0
(3¯, 1, 1, 1; 2¯, 1) 2 −1 0 0 0 −1 0 0 0 0 0 −1 0 2 0 4 0
(1,3, 1, 1;2, 1) 2 0 1 0 0 1 0 0 0 0 0 1 0 −4 0 −4 0
(1, 3¯, 1, 1;2, 1) 2 0 −1 0 0 1 0 0 0 0 0 −1 0 −2 0 −4 0
(1, 1,3, 1; 1, 2¯) 2 0 0 1 0 0 −1 0 0 0 0 0 1 0 4 0 4
(1, 1, 3¯, 1; 1, 2¯) 2 0 0 −1 0 0 −1 0 0 0 0 0 −1 0 2 0 4
(1, 1, 1,3; 1,2) 2 0 0 0 1 0 1 0 0 0 0 0 1 0 −4 0 −4
(1, 1, 1, 3¯; 1,2) 2 0 0 0 −1 0 1 0 0 0 0 0 −1 0 −2 0 −4
12T (3¯, 1, 1, 1; 1,2) 1 −1 0 0 0 0 1 0 0 0 0 −1 0 −1 −3 0 −4
(1, 3¯, 1, 1; 1, 2¯) 1 0 −1 0 0 0 −1 0 0 0 0 −1 0 1 3 0 4
(1, 1, 3¯, 1;2, 1) 1 0 0 −1 0 1 0 0 0 0 0 0 −1 −3 −1 −4 0
(1, 1, 1, 3¯; 2¯, 1) 1 0 0 0 −1 −1 0 0 0 0 0 0 −1 3 1 4 0
13U (3, 1, 1, 1; 1, 1) 6 1 0 0 0 0 0 −1 0 0 0 4 0 1 0 −1 0
(3¯, 1, 1, 1; 1, 1) 6 −1 0 0 0 0 0 0 1 0 0 −4 0 −1 0 −1 0
(1,3, 1, 1; 1, 1) 6 0 1 0 0 0 0 0 −1 0 0 4 0 −1 0 1 0
(1, 3¯, 1, 1; 1, 1) 6 0 −1 0 0 0 0 1 0 0 0 −4 0 1 0 1 0
(1, 1,3, 1; 1, 1) 6 0 0 1 0 0 0 0 0 −1 0 0 4 0 1 0 −1
(1, 1, 3¯, 1; 1, 1) 6 0 0 −1 0 0 0 0 0 0 1 0 −4 0 −1 0 −1
(1, 1, 1,3; 1, 1) 6 0 0 0 1 0 0 0 0 0 −1 0 4 0 −1 0 1
(1, 1, 1, 3¯; 1, 1) 6 0 0 0 −1 0 0 0 0 1 0 0 −4 0 1 0 1
13′U (3, 1, 1, 1; 1, 1) 10 1 0 0 0 0 0 0 1 0 0 −2 0 1 0 −1 0
(3¯, 1, 1, 1; 1, 1) 10 −1 0 0 0 0 0 −1 0 0 0 2 0 −1 0 −1 0
(1,3, 1, 1; 1, 1) 10 0 1 0 0 0 0 1 0 0 0 −2 0 −1 0 1 0
(1, 3¯, 1, 1; 1, 1) 10 0 −1 0 0 0 0 0 −1 0 0 2 0 1 0 1 0
(1, 1,3, 1; 1, 1) 10 0 0 1 0 0 0 0 0 0 1 0 −2 0 1 0 −1
(1, 1, 3¯, 1; 1, 1) 10 0 0 −1 0 0 0 0 0 −1 0 0 2 0 −1 0 −1
(1, 1, 1,3; 1, 1) 10 0 0 0 1 0 0 0 0 1 0 0 −2 0 −1 0 1
(1, 1, 1, 3¯; 1, 1) 10 0 0 0 −1 0 0 0 0 0 −1 0 2 0 1 0 1
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Chiral spectrum, Ex. 2, Part 2
rep. mult Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q10 Q˜1 Q˜2 Q˜3 Q˜4 Q˜5 Q˜6
13T (3¯, 1, 1, 1; 1, 1) 3 −1 0 0 0 0 0 0 0 1 0 −1 −3 −1 0 0 1
(1, 3¯, 1, 1; 1, 1) 3 0 −1 0 0 0 0 0 0 0 1 −1 −3 1 0 0 −1
(1, 1, 3¯, 1; 1, 1) 3 0 0 −1 0 0 0 1 0 0 0 −3 −1 0 −1 1 0
(1, 1, 1, 3¯; 1, 1) 3 0 0 0 −1 0 0 0 1 0 0 −3 −1 0 1 −1 0
13′T (3¯, 1, 1, 1; 1, 1) 5 −1 0 0 0 0 0 0 0 0 −1 −1 3 −1 0 0 1
(1, 3¯, 1, 1; 1, 1) 5 0 −1 0 0 0 0 0 0 −1 0 −1 3 1 0 0 −1
(1, 1, 3¯, 1; 1, 1) 5 0 0 −1 0 0 0 0 −1 0 0 3 −1 0 −1 1 0
(1, 1, 1, 3¯; 1, 1) 5 0 0 0 −1 0 0 −1 0 0 0 3 −1 0 1 −1 0
23U (1, 1, 1, 1;2, 1) 2 0 0 0 0 1 0 1 0 0 0 −3 0 −3 0 −3 0
(1, 1, 1, 1;2, 1) 2 0 0 0 0 1 0 −1 0 0 0 3 0 −3 0 −5 0
(1, 1, 1, 1; 2¯, 1) 2 0 0 0 0 −1 0 0 1 0 0 −3 0 3 0 3 0
(1, 1, 1, 1; 2¯, 1) 2 0 0 0 0 −1 0 0 −1 0 0 3 0 3 0 5 0
(1, 1, 1, 1; 1,2) 2 0 0 0 0 0 1 0 0 1 0 0 −3 0 −3 0 −3
(1, 1, 1, 1; 1,2) 2 0 0 0 0 0 1 0 0 −1 0 0 3 0 −3 0 −5
(1, 1, 1, 1; 1, 2¯) 2 0 0 0 0 0 −1 0 0 0 1 0 −3 0 3 0 3
(1, 1, 1, 1; 1, 2¯) 2 0 0 0 0 0 −1 0 0 0 −1 0 3 0 3 0 5
23T (1, 1, 1, 1;2, 1) 1 0 0 0 0 1 0 0 0 −1 0 0 3 −3 0 −4 −1
(1, 1, 1, 1; 2¯, 1) 1 0 0 0 0 −1 0 0 0 0 −1 0 3 3 0 4 1
(1, 1, 1, 1; 1,2) 1 0 0 0 0 0 1 −1 0 0 0 3 0 0 −3 −1 −4
(1, 1, 1, 1; 1, 2¯) 1 0 0 0 0 0 −1 0 −1 0 0 3 0 0 3 1 4
33′U (1, 1, 1, 1; 1, 1) 16 0 0 0 0 0 0 1 1 0 0 −6 0 0 0 0 0
(1, 1, 1, 1; 1, 1) 16 0 0 0 0 0 0 0 0 1 1 0 −6 0 0 0 0
(1, 1, 1, 1; 1, 1) 6 0 0 0 0 0 0 −2 0 0 0 6 0 0 0 −2 0
(1, 1, 1, 1; 1, 1) 6 0 0 0 0 0 0 0 −2 0 0 6 0 0 0 2 0
(1, 1, 1, 1; 1, 1) 6 0 0 0 0 0 0 0 0 −2 0 0 6 0 0 0 −2
(1, 1, 1, 1; 1, 1) 6 0 0 0 0 0 0 0 0 0 −2 0 6 0 0 0 2
33′T (1, 1, 1, 1; 1, 1) 8 0 0 0 0 0 0 −1 0 0 −1 3 3 0 0 −1 1
(1, 1, 1, 1; 1, 1) 8 0 0 0 0 0 0 0 −1 −1 0 3 3 0 0 1 −1
Table 6: Chiral fermionic spectrum for Z2 with (n1,m1) = (1, 1), (n2,m2) = (1, 0), (n3,m3) = (4, 1)
and lattice aaa. The resulting gauge group is SU(3)4 × SU(2)2 × U(1)10.
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